California State University, San Bernardino

CSUSB ScholarWorks
Theses Digitization Project

John M. Pfau Library

2011

Constructible numbers: Euclid and beyond
Joshua Scott Marcy

Follow this and additional works at: https://scholarworks.lib.csusb.edu/etd-project
Part of the Algebraic Geometry Commons

Recommended Citation
Marcy, Joshua Scott, "Constructible numbers: Euclid and beyond" (2011). Theses Digitization Project.
3984.
https://scholarworks.lib.csusb.edu/etd-project/3984

This Thesis is brought to you for free and open access by the John M. Pfau Library at CSUSB ScholarWorks. It has
been accepted for inclusion in Theses Digitization Project by an authorized administrator of CSUSB ScholarWorks.
For more information, please contact scholarworks@csusb.edu.

CONSTRUCTIBLE NUMBERS: EUCLID AND BEYOND

A Thesis

Presented’ to the
Faculty of

California State University,
San Bernardino

In Partial Fulfillment
of the Requirements for the Degree
Master of Arts

in

Mathematics

by

Joshua Scott Marcy

June 2011

CONSTRUCTIBLE NUMBERS: EUCLID AND BEYOND

A Thesis

Presented to the
Faculty of

California State University,
San Bernardino

by
Joshua Scott Marcy
June 2011
Approved by:

6^7/2* 11
Dr. Madeleine Jetter, Committee Chair

Date

Dr. Davida Fischman, Committee Member

Dr. Charles Stanton

Department of Mathematics

Graduate Coordinator,

Department of Mathematics

iii

■ Abstract
The purpose of this study was to examine the three classical Greek construction

problems that remained unsolved for over 2,000 years: trisecting the angle, doubling the

cube, and squaring the circle. These problems were not put to rest until the connections

between geometric constructions, analytic geometry, and algebraic extensions were made.
Another aim was to investigate the fields of constructible numbers obtained using com

pass and straightedge E, marked ruler M, and by paperfolding V. When using each of
these tools for constructions we can create a set of axioms that define their respective

fields. While trisecting an arbitrary angle and duplicating the cube are impossible with

straightedge and compass the paper illustrates how these problems are possible using the

marked ruler or by exercising the axioms of paperfolding. A principal conclusion is that

the field M is isomorphic to V.
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Chapter 1

Introduction
The ancient Greeks were fond of geometric constructions. They were especially
interested in constructions that could be achieved using only a straightedge without

markings and a compass ([Gal09], p. 391). There are three classical Greek construction
problems that remained unsolved for over 2,000 years: trisecting the angle, doubling the

cube, and squaring the circle. Ironically, solutions to the classical problems were known

using other tools as early as 320 AD, but these three problems were only much more

recently proven impossible using compass and unmarked straightedge. It’s fascinating to
see the advancements of the connections between geometry and algebra and, it wasn’t until
the classical problems transferred from geometry to algebra when they were proven to be

unsolvable. This paper incorporates both the algebra and geometry necessary to explain

how the classical problems were proven to be unsolvable. In addition, it includes results

to prove that according to different sets of axioms the classical problems are possible to
solve.

1.1 Motivation
Since high school geometry I have been intrigued by the fact that it is not
possible to trisect any given arbitrary angle using compass and straightedge.

This is

not to say there are no angles that can be trisected. For example, the 90° angle can be

trisected since it is easy to construct 60° and 30° angles; but, that there are angles that

can be constructed, but can not be trisected. The purpose of this paper is to demonstrate

first why trisection of an arbitrary angle is impossible with compass and straightedge and
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second how trisection does become possible if a marked ruler is used instead. It exhibits
the ways in which field theory relates to the classical problems. This paper provides an

analysis of field theoretical implications when we use Euclidean construction tools and
implications when we alter the set of construction axioms.

1.2

Constructible Numbers in Euclidean Geometry
An important transition from Euclidean Geometry to Algebra begins with defin

ing elements in the field of Euclidean constructible numbers, E.

Definition 1.1. A real number a is constructible if, by means of an unmarked straight
edge, a compass, and a line segment of length 1, we can construct a line segment of length

|a| in a finite number of steps.
The set of rational numbers, Q, is contained in the set of constructible numbers,

E. To show that E is a field containing Q we must show that E is closed under addition,

subtraction, multiplication, and division. If a and 0 are constructible numbers, then
a 4- 0, a — 0, a0, and

where 0

0 are constructible. A geometric proof to show

that E is closed under addition and subtraction reduces to copying line segments. It is

not obvious that E is closed under the operations of multiplication and division. We can
accomplish this by constructing parallel lines to make similar triangles as provided in
Figures 1.1 and 1.2.

It is also true that the set of constructible numbers is closed under

the operation of square root. A geometric proof that the square root of a constructible

number

q

is constructible is obtained from Figure 1.3. Thus, E is a subfield of R.

We can find an algebraic characterization of this field E by investigating the

points that can be obtained using compass and straightedge. Let F be any subfield of the
reals and call the subset {(a?,?/) € R2| x, y 6 F) of the real plane the plane of F. There
are only three ways to construct these points, starting with the points in a plane of F.
1. Intersect two lines in F.
2. Intersect a circle in F and a line in F.

3. Intersect two circles in F.

3

AD-b

Figure 1.1: Construction of ab

AD-b

Figure 1.2: Construction of
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Figure 1.3: Construction of the square root

A line in F is constructed by joining two points in F. The line has an equation

of the form
ax + by + c = 0, where a,b,c G F.

A circle in F has its center in F and the length of its radius is in F. The circle has an
equation of the form

x2 + y2 + ax + by + c = 0, where a, b, c G F.

For the first case let the two lines have equations
aix + biy + ci = 0, where ai, bi, ci G F and

a2Z + b2y + C2 = 0, where a%, i>2> C2 e F
where they are distinct and not parallel. Then we can solve the system of equations to

find the point of intersection
a2cl ~ &1C2\
\ai&2 ~ a2bi ’ a-fa — a2bi)

/ &1C2 — &2C1

The denominators are nonzero since the lines were presumed to be distinct and non
parallel. So, the point of intersection is in F since ai, a2, t»i, bo, ci, and C2 are in F and

F is closed under the field operations. For the second case let the circle and line have
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equations

£2 4- y2 4- Qi% + ^iy + ci = 0, where ai, 6j, ci € F and
a2x + b2y 4- c2 = 0, where a2i b2, c2 G F

where they do in fact intersect. Then after making the substitution y ~
we have

a2x 4-i c2 \ 2
&2

J

+ aix + bi

, b2

0

+ C2 \

bz J + Ci = 0.

This reduces to the quadratic equation in F
(a22 + b22)x2 + (2a2c2 + aib2 - a2bib2)x + (c22 - &id2c2 + b22ci) = 0.

In the case where b2 — 0 a simpler quadratic equation is obtained through substitution
so the following results still hold. We can acquire the points of intersection by using the
quadratic formula. Since we are looking only at the case where the graphs of the circle

and line intersect the quadratic formula will not yield complex solutions. Therefore, the

points of intersection will lie in the plane of F or in the plane of F(y/a), where ci G F
and a is positive. For the third case let the circles have equations
x2 -J- y2 -I- aix 4- &iy 4- ci = 0, where aj,£>i, ci G F and
£2 4- y2 4- a2x 4- b2y 4- c2 = 0, where a2, b2, c2 G F

where the circles do in fact intersect. After combining the two given equations we have
the following equivalent system of equations

x2 + y2 + aix + fqy + ci = 0
(a2 - ai)x 4- (b2 - &i)y 4- c2 - cx = 0.

This case is reduced to the case of intersecting a line and a circle.

So, the points, of

intersection are in F or F(y/a) for some a G F.
The algebraic implication is that the points of intersection are solutions to either

a linear equation in F or a quadratic equation in F since x/joj G F, Vo € F. Conversely,

we saw that the field of constructible numbers is closed under square roots. It follows that
a number is constructible if and only if it is in a tower of quadratic field extensions over
the rationals. A quadratic extension, F(y/d), denotes the field {p 4- qVd | p and q in F
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where d € F but Vd

F}. If Fi = F(V^), F? = F^^di),

write Fn = F(y/dfi, \AFfi

yTh') and call each of F, Fi, F2,

Fn = Fn-^Vd^f then we
Fn an iterated quadratic

extension of F. We have a tower of fields Q = Jfi C F± C ■ ■ ■ C Fn and Fi is a subfield

of E with [Fi : F^-i] = 2. Conversely if a number, a, is in a tower of quadratic field
extensions, then there is some irreducible quadratic containing a as a root such that

[Fi : Fi_i] — 2, Vi — 1, ..n. Hence, a is constructible in Fj_i since this number can be
obtained by the intersection of a circle and a line. Then a can be attained in Q by the

sequence of intersections of a circle and a line and therefore is constructible.

Theorem 1.2. If a is in E, then a is contained in a subfield Fn of E where [Fn : F] = 2m,
for some m > 0.

Proof Assume a is constructible in the field E. If a E. E, there exists a subfield, Fn =
Fn-i(a) — F(y/df, y/di,..., y/dffi 6 E that contains a. Now a is the point of intersection

of either two lines, two circles, or a line and a circle in Fn_i. It was shown that the

intersections in each of these three cases is in Fn_i or Fn. If a is the point of intersection
of two lines, then [Fn : Fn_i] = 1 since the point of intersection is found by solving a
linear equation. If o is a point of intersection of two circles or a line and a circle, then
[Fn : Fn_i] = 1 or 2 since the points of intersection are found by solving a quadratic
equation.

Since [Fn : Fn_i] = 1 or 2, Va 6 E, then [Fn : F] = [Fn : Fn_i] ■ ■ • [Fi :

Fi_i] • • ■ [F2 : Fi][Fi : F] = 2m, for some m > 0.

□

Moreover, if each extension is quadratic, then [Fn : F] ~ 2n. The constructible

numbers form the field of Euclidean, constructible numbers, E. This field E is the union

of all iterated quadratic extensions of the field Q ([Mar98], p. 391).

1.2.1

The Classical Construction Problems
The result of Theorem 1.2 is sufficient to show that doubling the cube is impos

sible. The problem of doubling the cube is reduced to constructing a segment of length

Theorem 1.3. A segment of length \f2 is not constructible using ruler and compass.
Proof The real solution to the equation x3 — 2 = 0 is y/2. The polynomial x3 — 2 is
irreducible over Q and therefore [Q(s/2) : Q] = 3. However, each field extension in E

7

has degree equal to a power of two with respect to Q by Theorem. 1.2. Consequently, a

□
Another classical problem known as squaring the circle is shown to be impossible
in a similar manner. To square a circle is to construct a square with equal area of a given

circle. For simplicity, we choose the unit circle with area

tt.

This problem is reduced to

showing that i/F is not constructible and since 7r is transcendental, [Q(7r) : Q] is infinite
([Rot90], p. 136). Only one of the classical problems remain. The next lemma is pivotal
in the proof that angle trisection is impossible with compass and straightedge.

Lemma 1.4. The following are equivalent:
(i) sin# is constructible
(ii) cos# is constructible

(Hi) an angle # is constructible in the usual sense of the word
Proof (i) <=> (ii) Since E is closed under multiplication and square roots sin# is con
structible if and only if sin2 # is constructible. It is equivalent that 1 — sin2 # is con
structible since E is closed under addition and subtraction.

Also, 1 — sin2 # = cos2 #

implies that cos2 # is constructible; therefore, cos # is constructible since E is closed under

square roots.
(iii) O (i) If the angle # is constructible, then a right triangle with hypotenuse of length

1 can be constructed to obtain sin#. So, sin# is constructible. To prove the converse,
assume sin # is constructible which implies cos # is constructible. Then an angle # is given
by the ray from the origin in the positive direction on the x-axis and the ray from the

origin through the coordinate pair (cos#,sin#).

□

Theorem 1.5. An arbitrary angle can not be trisected using compass and straightedge.
Proof An approach to demonstrate why the trisection of an angle is impossible in Eu
clidean Geometry is to show that cos 20° is not constructible.

If a 20° angle is con

structible, then cos.20° is constructible by Lemma 1.4. In order to see that cos 20° is not

constructible let’s consider the triple angle formula

cos 3# = 4 cos3 # — 3 cos #.
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Letting 6 = 20° we have
j

=

4 cos3 20° — 3 cos 20°

0

=

8 cos3 20° - 6 cos 20° — 1

and setting a = 2 cos 20° this becomes

a3 - 3a - 1 = 0.
This equation is irreducible over Q since it has no rational roots. Therefore [Q(a) : Q] = 3.

By design the equation a3 — 3a — 1 = 0 has root 2 cos 20° and its other two roots
are 2 cos 140° and 2 cos 260°.

None of these roots are constructible numbers.

Hence,

2 cos 20° is not constructible, which implies cos 20° is not constructible. If cos 20° is not
constructible then a 20° angle is not constructible, a 40° angle is not constructible, and
this leads to the fact that a 60° angle can not be trisected with compass and straightedge.

□
1.2.2 Constructible Polygons in Euclidean Geometry
If we knew which regular n-gons are constructible, in particular a nonagon,
then there is an easier approach to prove Theorem 1.5. The next theorem shows which

regular n-gons are constructible and thus is used to show a nonagon is not constructible.
Carl Friedrich Gauss made an advance at proving the classical problems unsolvable. In
1801, Gauss made an assertion that was later proven by Laurent Wantzel now called the

Gauss-Wantzel Theorem.

Theorem 1.6. A regular polygon ofn sides is constructible if and only ifn has the form
2kpip2 ■ ■ 'Pi, where the pi }s are distinct primes of the form 22S -I- 1 and k > 0.
Proof A regular n-gon is constructible if and only if fl =

measure of the central angle of a regular n-gon is equal to

is constructible since the
By imposing real and

imaginary axes on the plane, we see that fl is constructible if and only if cos fl+i sin fl = e~

is constructible. So, a regular n-gon is constructible if and only if the nth roots of unity

are constructible. This is important since the nth roots of unity form the vertices of a
regular n-gon on the unit circle in C with one vertex at the point 1. Now, let Q = e~.

Before proceeding it is important to use the results of the following lemmas to aid with

the proof.
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the Euler phi function ofn. By Lemma 1.9, |Gal(Q(C)/Q)| = 2r. So with

of Z/nZ is

the prime factorization n = 2spirip2r2 • • -pkrky we know d>(n) = 2r. The next statement

is a known fact from number theory. If m and n are relatively prime, ie (n, m) = 1, then
= (p — l)/)™-1, p is prime. Using these number theory

and
properties we have

<Kn) = (2 - 1)2°-1

- l)piri_1, for i = 1,... ,n.

This is only a power of 2 when each pi — 1 = 2r and

= 1, for alii = 1,..., k which

implies pi = 2r 4- 1. Either r = 0 in which case pi = 2 or r = 2s. In the second case

suppose r / 2s, then take r = ab where a > 1 and odd. Now,
p-1

=

2'

p

=

2r + l

p

=

2ab +1

p

=

(26)a + 1

p

=

(2b + l)((2i,)a’1 - (2b)a~2 4- • • ■ + (26)2 - 2b 4-1)

but p is prime, so a factorization is not possible and thus a contradiction. Therefore,

r = 2s and p — 1 = [Q(C) : Q] = 22\ so p = 22’ 4-1 and n is of the required form.

To prove the converse, it is only necessary to look at the case when n is prime
because once we establish this fact all other cases are met with the use of Lemmas 1.7
and 1.8.

Assume n = 2kpip2 ■ • • pt, where the p/s are distinct primes of the form

22* 4-1 and k > 0. The minimal polynomial of £ over Q is the pth cyclotomic polynomial
£p(ru) = (xp — l)/(x — 1) = xp_1 + xp~2 4------- F x 4-1 for every prime p. Since p is prime

Gal(Q(0/Q) = Zp1, where Z# is the multiplicative group of all nonzero elements, and

|Gal(Q(C)/Q)| = p - 1 = 22* + 1 - 1. Thus, |Gal(Q(C)/Q)| = 22‘ = 2% for some q. By

Lemma 1.9 ( is constructible. Therefore, when n is of the required form the regular n-gon
is constructible.

□

In order to prove the Gauss-Wantzel Theorem the problem was translated from
geometry to algebra. The Gauss-Wantzel Theorem can be used to show that a nonagon

is not constructible with compass and straightedge since 9 can not be expressed in the

required form. If a nonagon is not constructible its interior angle, equal to 40°, can not
be constructed. If a 60° angle is constructible and a 40° angle is not constructible, then
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a 20° angle is also not constructible. Therefore, a 60° angle can not be trisected with

compass and straightedge. In turn, this leads to showing that trisecting an arbitrary
angle given a compass and straightedge is impossible.

1.2.3

Constructible Angles in Euclidean Geometry
We have now seen that a 20° angle is not constructible. A natural question arises

next: which angles, given in integers and degrees, are constructible? It is clear that a 1°

angle is not constructible otherwise all integer angles would be constructible. Likewise, a
2° angle is not constructible otherwise a 20° angle could be constructed through successive
multiples of the 2° angle.

Theorem 1.10. An integer degree angle is constructible when the angle is a multiple of
3°.

Proof By the Gauss-Wantzel Theorem an equilateral triangle and a regular pentagon

are constructible. Since the equilateral triangle is constructible its interior angle of 60° is

constructible. Hence, a 30° angle is constructible from the bisection of the angle. Also,
since a regular pentagon is constructible its interior angle of 108° is constructible and
after two successive bisections a 27° angle is constructible. Since a 30° angle and a 27°

angle are constructible it is possible to construct an angle equal to the difference of these
two angles. As a result, a 3° angle is constructible. Any integer degree angle that is a

multiple of 3° is constructible by successive duplications of the 3° angle.

□
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Chapter 2

Extending the Set of
Constructible Numbers
If we relax some of the Euclidean, construction axioms some of the previous
unsolvable problems now become solvable. As before we can associate a field with each of
these axioms. The primary topic of the project is the association of fields with different
geometric construction tools. This chapter exhibits how changing the set of constructions

axioms affects the field of constructible numbers both geometrically and algebraically.
The chapter describes the association of these fields with each of the sets of construction

axioms and emphasizes how the fields are related.

2.1

Constructions with Compass and Marked Ruler
The next objective is to distinguish the connections between constructions with

a compass and straightedge and the marked ruler. All constructions with compass and

straightedge are also constructible using the compass and a marked ruler ([Mar98], p.
124). However, when using a marked ruler it is possible to trisect an angle and double
the cube since verging through a circle and a point/line is now possible.

Verging or

insertion is a process where the marked ruler is moved so that the line through the points
V and R, where R is on line r, is such that the distance between two lines r and s is 1,
see Figure 2.1.
The set, M, of constructible numbers using the marked ruler to verge between
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Figure 2.1: The process of verging

lines are different than the numbers using compass and straightedge, E. In fact, E is a

subset of M. The algebraic structure of the field of marked ruler numbers is obtained by
a sequence of quadratic and cubic extensions. Before this can be shown it is necessary to

have the results of Theorems 2.1 and 2.2.

2.1.1

The Classical Problems with a Marked Ruler
If one uses a ruler, it is possible to construct many additional algebraic elements.

For example, suppose 0 is a given angle and the unit distance 1 is marked on the ruler.

Dummit and Foote provide a construction of trisecting an angle (due to Archimedes) as
follows. “Draw a circle of radius 1 with central angle 0 as shown in Figure 2.2 and then
slide the ruler until the distance between points A and B on the circle is 1” ([DF91], p.

515). The angle a is equal to one third of 0, thus trisecting an arbitrary angle, 0.

Theorem 2.1. An arbitrary angle can be trisected using a marked ruler.
Proof. Let 0 be an arbitrary angle and construct the semicircle with radius of length

1 as shown in Figure 2.2.

Next, by verging draw the line DA so that the point of

intersection on the unit circle to point A is 1. Also, sketch the segment OB into the

14

Figure 2.2: Marked ruler construction of angle trisection

original figure to aid with the proof. Now, OB = OD since OB and OD are radii of
the same circle. This implies that AOBD is isosceles and therefore (3 = 7. Also note

that AsBAO is isosceles since OB = AB, AB was constructed of length 1, and BO is a

radius of length 1. Therefore, a = mAAOB, say <j>. Now (3 + 7 + mABOD — 180° and

therefore mABOD = 180° — 2(3 since /? = 7. Using substitution, 180° = mAAOC =
$ 4- mABOD + fl = a 4- 180° — 2/? 4- fl and we can deduce that fl = 2(3 — a.

(3 — a 4-

= 2a, so fl = 2(2a) — a = 3a. So we conclude that a is the trisection of fl.

But

□

There is another construction of the trisection of an angle that is accomplished

without the use of the semicircle due to Pappus ([Mar98], p. 127). I chose to include
the one by Archimedes for historical reasons. The next construction produced by J.H.

Conway produces the cube root of k where 0 < k < 1, but can be modified for any k > 0.

“Drawing a circle of radius 1 and using the point A = (k, 0) as center, construct the point

B — (0, \/l — k2). Dividing this distance by 3, construct the point (0, —55/1 — k2) and
draw the line connecting this point with A. Slide the ruler with marked unit length 1 so
that it passes through the point B and so that the distance from the intersection point
C to the intersection point D with the x-axis is of length 1”, as indicated in Figure 2.3

([DF91], p. 515). It is shown that AD = b = 2k3 and BC = a = 2kz.

Theorem 2.2. A segment of length y/k is constructible using a marked ruler.

Proof. Construct the points A = (&,0), B = (0, \/l — k2), and C = (0, —1\/1 — k2). By
the Pythagorean Theorem AB = 1. Construct rays OA and GA. By verging, construct

BD, such that D lies on OA and so that the distance from the point of intersection with

15

Figure 2.3: Marked ruler construction of the cube root

GA, say C, and D is 1 as shown in Figure 2.3. Let points F and E be such that OF || OD

and CE || OB. There are four important parts to this proof. The first three are derived

from three sets of similar triangles in the figure,
(1)&CED ~ ABOD, (2) AB FC ~ ABOD, and (3) AACE ~ AAGO.

Using (1) we can solve for a by using the similarity ratio of the sides of the triangles
££ = ~ which yields

=

Z^^2.

This results as

x/1 — k2 — y
a =------------------ .

V
Using (2) we find

and after substitution we have J = £££. Solving for b gives
h

(x — k) x/1 — k2 + ky

Vl - k2 — y

From (3) it is shown that

which after substituting is

= 2 ^~fc2 which is

equivalent to

3ky = (x — fc)\/l “ A:2.
After manipulating the results from above we obtain

a
The fourth part of the proof utilizes the Pythagorean Theorem. We will use the substi
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tution b =

in the next equation

(x/1 — k2)2 4- (b + k)2

=

(1 + a)2

l_fc2 + (4/=±ofc)2

=

l + 2a + a2

0

=

a2-a2k2 + 16k2 + 8ak2 + a2k2~a2-2a3-a4

0

=

16A;2 + 8ak2 — 2a3 — a4

0

=

8k2(2 + a)-a3(2 + a)

0

=

(8fc2 — u3)(2 + a).

So a3 = 8Zc2 or a = —2 and a > 0 since it refers to a length and therefore a — (8k2)^ =

= 2k%. Therefore,

2fct. Finally, solving for b we conclude b — — —
. °

2fc3

2
1
a = 2&3 and b = 2k^.
□

2.1.2 The Set of Marked Ruler Numbers
The results show that the impossible problems of trisecting the angle and con

structing a cube root with compass and straightedge are now possible using the marked

ruler. These outcomes indicate that the algebraic structure of the field M differs from
the structure of field E. Since one can use a marked ruler and perform all constructions

that one could with compass and straightedge implies E is a subset of M. Therefore,

a constructible number in M might be obtainable by a series of finite quadratic field

extensions, Fn = F(\fdi, y^,..., y^). Additionally, the cube root of a constructible
number is constructible by Theorem 2.3. It follows that a marked ruler number is con

structible if and only if it is in a tower of finite cubic field extensions over E. A cubic
extension, E(tyk), denotes the field {r + sy/k | r and s in E where k G E but \/k

E}.

Note that E is an arbitrary subfield of E. Consequently, any extension in this field has
degree [Ei :

= 2 or 3. It is also possible to adjoin the root of a quartic polynomial

since “A quartic polynomial can be reduced to cubic and quadratic equations ...” by a

formula derived by Ferrari based on Cardano’s formulas ([HarOO], p. 274). The field of
constructible marked ruler numbers, M, is the union of all iterated quadratic and cubic

extensions of the field Q.

According to Martin, with a marked ruler we can solve cubic and quartic equa

tions whose coefficients are in M ([Mar98], p.

125).

This claim should be justified
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Figure 2.4: Verging between two lines with marked ruler

because it’s not readily apparent that quartic equations can be solved with the marked
ruler. Without loss of generality, assume line s lies on the sr-axis and line r contains the
origin and point R. Next, verge line v through points V(atb) and R so that there is an

S on s such that RS = 1 as in Figure 2.4. Lines r and v have equations
y — mx
y =

respectively. The intersection,

a—s

- s)

has coordinate pair

/
bs
[sm-am + b1

bs
\
sm — am + bj‘

Dropping the perpendicular to line s through point R we can use the Pythagorean The

orem to obtain the equation (x — s')2 + y2 — RS2. After substituting,

which is a fourth degree polynomial in s in terms of a, b,m. So, verging with marked

ruler allows us to solve quartic equations. Figure 2.5 shows that verging can have as
many as four solutions, so this result is not unconvincing. Equations up to the quartic

are solvable by radicals and more specifically roots of a quartic polynomial are found by

first solving a cubic ([Mar98], p. 134). This implies that if a number, a, is constructible
with marked ruler in E then it is a root of a polynomial of degree less than or equal to

4. So, [E(cn) : E] < 4.
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Theorem 2.3. If a is in the field M; then a belongs to a subfield En ofM where [£?n :
Q] = 2°36.
Proof. If ct 6 M, then there is a tower of extensions Q — Eq (2 Ei • • ■ C En that contains

a. The degree of each extension over the previous field is either 2 or 3, [7% : ^-i] = 2 or
3. It follows that [jEn : E] = 2a3fc for some a, b > 0.

2.1.3

□

Constructible Polygons with the Marked Ruler
It is only appropriate to conclude this section by considering which regular n-

gons are constructible with the marked ruler.

Theorem 2.4. A regular polygon ofn sides is constructible if and only ifn has the form
2k3lpip2 • • • ps> where the p3’s are distinct primes of the form 2a3b + 1 and k,l > 0.
Proof. Much of the proof of this theorem follows immediately from Theorem 1.6. As

before 0 =

is constructible if and only if ( =

is constructible. Two additional

lemmas are necessary before proceeding.

Lemma 2.5. A regular polygon ofn = 3l sides for I 6 N is constructible.
Proof. This reduces to I many angle trisections of 2ir = 360° and trisections are possible
with the marked ruler.

□

Lemma 2.6. The quantity a 6 IK is constructible by marked ruler from data in the field
F if and only if the Galois group of the minimal polynomial of a over F has order 2a3b,

for some a,b>0.
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Proof. Assume a is constructible, then by Theorem 2,3 |E(a) : E\ = 2a3f’, for some
a,b > 0. The conjugates of a that generate the splitting field have the same property.

Therefore, the degree of the splitting field, which is also the order of the Galois group,

will be 2a3\

Conversely, assume the Galois group G of its minimal polynomial has order 2a3fc.

By the Theorem of Burnside ([DF91], p. 198) if |G| = paqb} for primes p,q, then G is
solvable. A solvable group, G, is defined to possess a.chain of subgroups in which each one

is a normal subgroup of the next. By the fundamental theorem of Galois theory the chain

of subgroups will give a chain of field extensions F = En C En-1 C • ■ ■ C Ei = E where
each field has degree 2 or 3 over the previous one. So, a can be obtained by finding real

roots of a succession of quadratic and cubic polynomials. Therefore, a is constructible
with marked ruler.

□

Now, assume a regular n-gon is constructible which implies £ is constructible.

As shown above if £ is constructible, then |Gal(Q(£)/Q)| = 2a3b. The order of the Galois

group is 0(n), the Euler phi function. So, </>(n) = 2a3fc, where the prime factorization of
n = 2s3tpiT1p2T2 ■ • ■pkrk- It must be shown which n satisfies these conditions. By the

Euler phi function
= (2 - l)2a-1(3 - l)3fe_1

- l)Pin_ 1, for i = 1,..., k.

Now, $(n) — 2a3b holds only when pi - 1 = 2a3ft and n = 1 for all i = 1,..., k. In

conclusion pi — 2a3b + 1 as the theorem states.

To prove the converse assume n = 2r3spirip2r2 ■ ■ -pkrk and each prime is of the
form pi = 2a3b + 1. Applying Lemmas 1.7, 1.8, 2.5 the proof is reduced to showing only
the case when n is a prime, p, of the required form. Since p is prime Gal(Q(£)/Q) = Z#

and |Gal(Q(£)/Q)| — p — 1 = 2a3b + 1 — 1. Consequently, |Gal(Q(£)/Q)| = 2a36 implies
£ is constructible by Lemma 2.6 and so is the regular n-gon when n is of the required

□

form.

2.2

Constructions by Paperfolding
Another unique set of rules which also permits trisecting an angle and extracting

the cube root is paperfolding. By following the paperfolding axioms it is also possible to
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Figure 2.6: Paperfolding operation 1

carry out all constructions that can be done with compass and straightedge ([Mar98], p.

154). Hence, the algebraic structure of the field of paperfolding numbers is obtained by a

sequence of quadratic and cubic extensions. Ultimately, the field of marked ruler points,

M, and paperfolding points (according to the paperfolding axioms that follow), V, are
equivalent.

2.2.1

Paperfolding Axioms
Every paperfolding operation is derived from the fundamental folding operation.

The fundamental folding operation is as follows: if given points P and Q, lines p and q,
there are only a finite number of fold lines t such that the reflections of points P on p
and Q on q denoted Pl and Ql respectively then we may fold on t ([Mar98], p. 149).
Two points and two lines are given in the fundamental folding operation. In order to

obtain two distinct lines three unique points must be given. If we are given a segment of
length 1, then we have points (0,0), (1,0), and (0,1) which can determine lines that have

equations y = 0, re = 0, and y = —x + 1. Seven different folding axioms follow from the

fundamental folding operation. “These are all the operations that define a single fold by

alignment of points with finite line segments.. .this set is complete” ([Lan96], p. 39). The
following seven figures, 2.6 through 2.12, illustrate each of the folding axioms. Within

each figure the dashed lines represent the fold line t and the dotted lines represent the
direction of the fold.
The first five operations, represented by Figures 2.6 through 2.10, can be used to

construct the solution of any quadratic equation with rational coefficients; equivalently,
they can be constructed by compass and straightedge. The sixth operation, illustrated

in Figure 2.11, allows the construction of solutions to the general cubic equation. The

seventh operation, shown in Figure 2.12, is not equivalent to any of the other operations
and provides solutions to certain quadratic equations. This set of operations is complete,
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i

Figure 2.7: Paperfolding operation 2

Figure 2.8: Paperfolding operation 3

Figure 2.9: Paperfolding operation 4

Figure 2.10: Paperfolding operation 5
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Figure 2.11: Paperfolding operation 6

Figure 2.12: Paperfolding operation 7
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Figure 2.13: Paperfolding construction of the cube root

that is it consists of all of the operations that define a single fold by alignment of points
with finite line segments ([Lan96], p. 39).

2.2.2

Classical Problems by Paperfolding
Before showing that the construction of the cube root is possible by using the

paperfolding axioms we first need an important algebraic result.

Lemma 2.7. In the cartesian plane, the image of (x,y) under the reflection in the line
with equation ax 4- by 4- c = 0 is (xl, y') where
xf = x —

2a(ax + by 4- c)

a2 + b2

and y = y —

2b(ax 4- by 4- c)

a2 4- b2

Martin developed a paperfolding construction that yields the cube root. Without
loss of generality, we may impose the x and y axis onto the paper and define the origin,

0, to be (0,0). We take P = (-1,0) and Q — (0, - A:). We can obtain the lines p and q
with equations x = 1 and y = k respectively. Now by the fundamental folding operation

we may fold P onto p and Q onto q to acquire points Pf and Q' as shown in Figure 2.13.

Letting the new fold t have equation mx — y 4- b = 0 it can be shown that b = \fk.
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Theorem 2.8. Using the fundamental folding operations a segment of length \/k is con
structible.
Proof. The points P(—1,0) and Q(0,— fc) are reflected across t so that P lies on line p

Using Lemma 2.7 we can see that

and Q lies on line q as suggested by Figure 2.13.
a = m, b = —1, and c = b.
The reflection of P is given by

2m(—m—0+d)
^+1------

q
1

_
“

2m2 + 2

=

2m2 — 2mb

mb

=

—1

i

The reflection of Q is given by
~2(o+fc-t-t>)

i.

__

—k—

2fc(m2 + 1)

=

2k-I-2b

km2

=

b

Now using the fact that mb = — 1 and km2 = & we deduce
m(/cm2)

km3

==

-1

-= -1

m ==
and

=

=

-1

b ==

Vk

□
Angle trisection is a paperfolding construction.

Start with an acute angle

APQR. Find the midpoint M of PQ. Construct p so that it is perpendicular to QR
and is through point M. Also construct q such that q is perpendicular to p through M.
Now by the .fundamental folding operation we may fold P onto p and Q onto q to acquire

points Pf and Qf. To aid with the proof line segments PPf, QQf, and P'Q' were drawn
in Figure 2.14.

Theorem 2.9. Using the fundamental folding operation an arbitrary angle can be tri
sected.
Proof. Claim: QQ’ trisects APQR in Figure 2.14
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Figure 2.14: Paperfolding construction of angle trisection

Statement
P'PIIQQ'

AP'PM = AUQM
QM = PM
AQMU
APMP'
£\PP'M = AQZ7M

P'M = UM
mZUMQ' = mZ.P'MQ' = 90°
ZF'MQ' = Z.UMQ
MQ' = MQ!
kP'Q'M = AUQ'M
Z.P'Q'M S ZXJQ'M

ZUQ'M a ZQ'Qfi

Q'V * QV
&QVQ' is isosceles
mZVQQ' = mZVQ'Q
= mZUQ'M 4- mAP’Q'M
= 2mZ.UQ'M
— 2mZ.Q'QR
mAVQR = m/.VQQ' + mAQ'QR
= 2m/.Q'QR 4- mAQ'QR
= SmAQ'QR

Reasoning
t is the line of reflection of points
P,P' and Q,Q'
alternate interior angles
M is the midpoint of QP
vertical angles
angle side angle congruence
corresponding parts of congruent
triangles are congruent
since pl.q by construction
right angles are congruent
reflexive property
side angle side congruence
corresponding parts of congruent
triangles are congruent
alternate interior angles
V lies on perpendicular bisector of QQ'
since Q'V = QV
AQVQ' is isosceles
angle addition
substitution
substitution
angle addition
substitution
combine like terms
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Hence, QQf trisects APQR.

□

2.2.3 Paperfolding Numbers
The impossible constructions of trisecting the angle and constructing a cube root

with compass and straightedge are possible by methods of paperfolding. Constructible

numbers of both M and V are reduced to a sequence of quadratic, cubic, and trisection
constructions. It seems vague that a single folding operation defined as the fundamental
folding operation accurately describes the ways in which all paperfolding numbers are
obtained.

However, the seven axioms exhaust all achievable configurations of points

P,Q and lines p,q while avoiding trivial and redundant cases. As a result, the set of

paperfolding numbers is closed under the fundamental folding operation. The algebraic
structure of V is indistinguishable from that of M. Both fields are obtained by the same
tower of finite field extensions. Deductively, we can infer the field M is isomorphic to the

field V.
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Chapter. 3

Conclusion
In 1837 Laurent Wantzel showed the first two classical construction problems
are unsol vable. In this same paper he also proved the assertion that Gauss had claimed
about which regular n-gons are constructible with compass and straightedge ([Mar98],

p. 46). For nearly 2000 years solutions existed using instruments other than the Eu
clidean tools. The point of this paper is to explore the mathematical theory suggested

by the possible constructions using different sets of tools. It was shown that the field of
constructible numbers using compass and straightedge, E, differed from that of the con

structible numbers using a marked ruler, M, and the paperfolding numbers, V. In fact,

the field M is isomorphic to the field V. Both M and V are fields closed under square
roots, cube roots, and trisection. The solvability of quartic equations can be reduced to
solving cubic and quadratic equations. Therefore, the roots of quartic polynomials are
constructible in M and V.

3.1

Extensions
The principal topic of this paper is the association of fields with different ge

ometric construction tools, specifically the compass and straightedge, the marked ruler,

and the axioms of paperfolding. However, what would become of the fields if the axioms

were slightly changed? “Using the compass along with the marked ruler opens the possi

bility of verging with respect to a line and a circle as well as verging with respect to two
circles” ([Mar98], p. 142). It seems that little is published about constructions allowing
verging with respect to circles and therefore it is open to explore what new constructions
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are possible giving rise to new algebraic implications. The axioms of paperfoldihg can be
altered for further exploration as well. We could consider allowing more than one fold at

a time ([Mar98], p. 157).

3.2

Variations
“Various geometric construction tools are associated with various algebraic fields

of numbers” ([Mar98], p. x). Research has been done to explore not only different tools,
but other variations as well. For instance, constructions with conics have been studied for

over 2,000 years by geometers such as Apollonius and this area is still being researched
([GS09], p. 57). Menaechmus gave a solution x = \/2 by providing the intersection of

the conics with equations a;2 = y and y2 = 2x ([Mar98], p. 47). Folding axiom number
2, shown in Figure 2.7, is repeatedly used to construct the envelope of tangent lines of

a parabola. Therefore, the intersection of these two conic sections, shown in Figure 3.1,
can quickly produce the cube root of 2. There is a chapter dedicated to constructions

in non-Euclidean geometry such as in the hyperbolic plane in Geometry: Euclid and
Beyond ([HarOO]). Hartshorne shows that under certain conditions the classical problem

of squaring a circle is possible in hyperbolic geometry. Alperin provides an analysis of
conics on the projective plane ([AlpOO], p. 130).
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3.3

Applications
Applications exist beyond origami with paperfolding. There are computer pro

grams to assist with complex origami folding. Paperfolding gave rise to exact and ap

proximate folding sequences for rational fractions. While applications exist and research
is being done to expand the mathematics that we currently have, there are still those who

are spending time trying to prove that the unsolvable problems are solvable. “Although

it has been more than 100 years since the last of the constructions was shown to be
impossible, there continues to be a steady parade of people who claim to have done one

or more of them” ([Gal09], p. 394). This paper goes through the algebraic implications

of the field of constructible numbers using compass and straightedge. It becomes clear
that the classical problems are unsolvable. The algebra doesn’t lie.
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